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INTRODUCTION

In [ 7 ], Namioka asked conditions on a RadonNikodym (RN) camutpo be Eberlein.
In [ 9 ], Orihuela, Schachermayer and Valdivia, showed thaRN compact that were
also Corson compact had to be Eberlein (and after Gul'’k@slteevery RN and Gul'ko
compact is also Eberlein). In the same line, conditions oAsplund space to be WCG
are given by Fabian, Valdivia and others (see [ 1] Th. 8.3.3).

MAIN RESULTS

We are going to give some results where the following notietmoduced in [ 4 ], will
play a very important role.

Definition 1. Let X be a set;; and > two topologies defined on X. We shall say that X
has propertyC(r1, 72) if, for everyz € X there exists a countable set S(x), containing X,

sothatifA ¢ X,thenA™ c U{S(z);z € A} .

In[5]and [ 6] the authors show that when both topologies aetizable,L(d;, dz) is
equivalent ta X, d») beingd; SLD. Which is a notion introduced by Jayne, Namioka and
Rogersin[3].

Definition 2. Let (X, 7) be a topological space and let d be a metric on X. It is said ¥at
has a countable cover by set of small local diameter (SL@yiéferye > 0 there exists a
decompositionX = U2, X such that for eacl € N every point ofX; has a relatively

Tneighbourhood of ddiameter less than
A variant of the LSP for topological vector spaces is thediwlhg:

Definition 3. Let A be a subset of a topological vector space;Xie a topology defined
on X andr; a topology defined on A. We shall say that A has property Spant) if, for
everyx € X there exists a countable s&6{z) C A, containing x, so that i C A, then
B™ C span U{S(z);z € B} .

In [ 5] it was shown that on a vector spadg for two metrics, havingC(ds, dz) is
equivalent to having spaid,, d3).

Definition 4. Let (X, 7) be a topological space. We shall say tliaf, ) has the Linking
Separability Property (LSP), if there exists a metric d, ffitten 7, such that X ha&(d, 7).
Analogously we define spanLSP.

We shall say that a Banach space has LSP wWh&nveak) has LSP. Le{ X, weak) be
a Banach space and d a metric finer than the weak topologyeliahswed in [ 2 ] that if
the metric d has a network wich égsolated in(X, weak), then so has the norm topology.
Kenderov and Moors [ 4 ] showed that(iX, weak) is ofragmented by d then it must be
ofragmented by the norm. Our next results go in this line.

Proposition 5. If X is a Banach space with LSP, then X h&d| - ||, weak).
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Proposition 6. If X is a Banach space such th@X, weak) has dSLD, for a metric d finer
than the weak topology, th€X, weak) has|| - ||SLD.

By the Theorem of Mazur, it is easy to see that any Banach spla@ys has span-
L(|| - ||, weak). What happens with the LSP on any Banach space?

Example 7. Any Banach space of density charactgrhas LSP. So if we assume Ci¥;
has the LSP, therefore LSP does not imply the SLD property.

Definition 8. Let X be a Banach space antl C X*. We shall say that A has property
*LSP if AhasC(|| - ||,w*). (Analagously spafL.SP.)

If X is a Banach space, we shall denoteRy- its closed dual unit ball. We show the
following:

Proposition 9. Let X be a Banach space such that eitt&t has spafiLSP or Bx- has
*LSP, then X is Asplund.

In our next result we characterize the WCG and Asplund Banpabes.

Theorem 10. Let X be a Banach space. The following conditions are egentali) X is
WCG and Asplund;

i) Bx+ has*LSP;

i) X* *LSP.

The main technigues used in proving Proposition 9 and Tied@, are the construc-
tion of Projectional Generators (see [ 8 ]) in order to obstiminking PRI. Indeed, the
map: ® : By- — 2%, defined as follows is the projectional generator, definethan
whole dual ball, we are looking for: far* € Bx- set¥(z*) to be a countable subset of
X normingz* and considef (z*) the countably valued map given by SP. Finally define
O(x*) = U(S(z*)).

The topological version of the former theorem will give usham@cterization of Eber-
lein compact. Itis well known Rosenthal’s internal chaegiziation of the class of Eberlein
compacta. It is also clear the relationship between Eledempact spaces with the ex-
istence of a continuous injection intocg(I") space. In our next result we give another
internal characterization of Eberlein compact spaces.

Theorem 11. Let (K, 7) be a compact Hausdorff space. K is Eberlein compact if, and
only if, there exists aulower semicontinuous metric d, such that K &g, 7).

Remark 1. The proof of Theorem 11 doesn'’t follow from the Banach spacgions. It
also makes use of PRI but in a more complicated way.

In the line of Namioka’s question we can prove the following

Theorem 12. Let K be a RN compact. Then, K is Eberlein compact if, and dnks has
LSP.

Indeed, the Banach space version of Theorem 12 is the falpwi

Proposition 13. Let X be an Asplund generated Banach space, i.e. (thersexigisplund

space E and amafy’ : £ — X with T(E)H I X). Then X is WCG if, and only if
(Bx+,w*) has LSP.
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